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Abstract 
 
The current 3DHZETRN code has a detailed three dimensional (3D) treatment of neutron 
transport based on a forward/isotropic assumption and has been compared to Monte Carlo (MC) 
simulation codes in various geometries. In most cases, it has been found that 3DHZETRN agrees 
with the MC codes to the extent they agree with each other. However, a recent study of neutron 
leakage from finite geometries revealed that further improvements to the 3DHZETRN formalism 
are needed. In the present report, angular scattering corrections to the neutron fluence are 
provided in an attempt to improve fluence estimates from a uniform sphere. It is found that further 
developments in the nuclear production models are required to fully evaluate the impact of 
transport model updates. A model for the quasi-elastic neutron production spectra is therefore 
developed and implemented into 3DHZETRN.   
 
Introduction 
 
The approach taken throughout the development of the HZETRN radiation transport code has been to 
develop a progression of transport solutions from the simple to increasingly complex, allowing early implementation 
of high-performance computational procedures based on marching algorithms [Wilson 1977; Wilson et al. 1986a, 
1991, 1994; Slaba et al. 2010a] and establishing a converging sequence of approximations with well-defined 
accuracy criteria. In support of this paradigm, a preliminary nuclear database was established in the early 
development efforts (circa 1973), so that numerical solutions of the Boltzmann equation could be investigated and 
developed. This early work is recounted in Wilson et al. [1988a,b; 1991]. The preliminary nuclear database used for 
numerical transport solution studies proved to be reasonably adequate for application to space system design in the 
sense that uncertainty was mainly associated with transport solution procedures rather than the nuclear database. 
Notably, the nucleon portion of the database as described by Wilson et al. [1991] has remained in the HZETRN code 
(and carried into 3DHZETRN) without any updates. Verification and validation processes of the nuclear and 
transport models were accomplished over the last several decades using realistic model solutions, convergence 
criteria, Monte Carlo (MC) simulation, laboratory experiments, and flight data [Wilson et al. 1991, 2005, 2007; 
Slaba et al. 2013; Matthiä 2016]. Reviews of this development process, including enhanced three dimensional (3D) 
neutron transport, is given by Wilson et al. [2014a-c, 2015a-c].  
Limitations of the current 3DHZETRN code and nuclear database were revealed in part by a study of 
neutron leakage in finite objects [Wilson et al. 2015b,c] wherein differences in leakage from cube and sphere 
geometries are obscured by the forward/isotropic (for/iso) approximation used in 3DHZETRN [Wilson et al. 
2014a,b]. Although 3DHZETRN and various MC codes are still plagued by uncertainty in nuclear models and data 
[Wilson 2014a-c, 2015a], the next step in code development appears as much limited by nuclear model uncertainty 
as by the transport methods. Therefore, specific problems identified in the neutron leakage study [Wilson et al. 
2015b,c] are targeted herein, and some nuclear model improvements are initiated. 
In the present report, the for/iso approximation in 3DHZETRN is replaced by a quasi-elastic/multiple-
production (qe/mp) separation that allows angular dependence in the neutron production to be easily carried into 
existing transport procedures. Only minor modifications to the transport formalism and numerical methods are 
required to implement the qe/mp model. It is found that the quasi-elastic component of the neutron production cross 
section carried over from the preliminary nuclear model of Wilson et al. [1991] is inadequate for this application, 
and a more detailed model for quasi-elastic nucleon production is considered as a replacement. The new quasi-
elastic model is described and implemented into 3DHZETRN transport procedures, and it is shown that modest 
improvements in the neutron fluence estimates for spherical geometry test-cases are achieved.  
 
Deterministic Code Development 
 
The relevant transport equations are the coupled linear Boltzmann equations derived on the basis of 
conservation principles [Wilson 1977; Wilson et al. 1991, 2005] for the differential flux (or fluence) density 
j(x,,E) of a j type particle in the continuous slowing down approximation (CSDA) in which atomic processes are 
described by the stopping power Sj(E) for each ion type j (vanishes for neutrons j = n) as 
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( ) ( ) ( , , ) ( , ', , ') ( , ', ') ' 'j j j jk kE
kj
S E E E E E E d dE
A E
x x , (1) 
 
and solved subject to a boundary condition over the enclosure of the solution domain. In equation (1), σj(E) is the 
total macroscopic cross section for a type j particle with kinetic energy E, and ( , ', , ')jk E E  is the double 
differential macroscopic production cross section for nuclear interactions in which a type k particle with kinetic 
energy E' and direction '  produces a type j particle with kinetic energy E and direction . 
 The double differential cross sections in equation (1) may be generally separated into reactive (r) and 
elastic (el) components according to  
 
 
( ) ( )( , ', , ') ( , ', , ') ( , ', , ')r eljk jk jkE E E E E E . (2) 
 
In equation (2), the elastic component is null except for k = j and describes a nuclear collision in which the projectile 
scatters from the target, but neither the projectile nor target break apart or become excited as a result of the 
interaction. The reactive component includes all other non-elastic nuclear processes including projectile and target 
fragmentation, de-excitation, and evaporation. The total cross section in equation (1), σj(E), may also be separated 
into elastic and reactive components as in equation (2).  
For transport code development efforts leading to 3DHZETRN, the reactive component of the differential 
cross sections for neutron production (j = n) was further separated as [Wilson et al. 2014a,b]  
 
 
( ) ( ) ( )
, ,
1
( , ', , ') ( , ', , ') ( , ')
4
r r r
nk nk for nk isoE E E E E E . (3) 
 
The forward component of the cross section (for) is associated mainly with higher energy processes and projectile-
like secondaries and is peaked near the projectile energy, E', and direction, Ω'. The isotropic component (iso) is 
mainly associated with lower energy particles produced, including evaporation products, but extends up to 
moderately high energies. Separation of the cross section into forward and isotropic components was carried out 
using the Ranft angular factor [Ranft 1980] and will be described later in this report.  
An alternative, but related, separation of the reactive cross section for neutron production is given as 
[Wilson et al. 1988a, 1991] 
 
 
( ) ( ) ( )
, ,( , ', , ') ( , ', , ') ( , ', , ')
r r r
nk nk qe nk mpE E E E E E . (4) 
 
In equation (4), the quasi-elastic term (qe) represents the spectrum of scattered particles having originated from the 
projectile and suffering at least one intra-nuclear collision with a nucleon within the target. Charge exchange 
processes are included in the quasi-elastic term. The multiple-production term (mp) accounts for those escaping 
nucleons and other light ions resulting from intra-nuclear collisions of the quasi-elastic scattered primary particles 
with nuclear matter and are associated with lower-energy particles produced including target fragments.  
Although similar in form, equations (3) and (4) bear important distinctions. Equation (3) provides a 
convenient separation of phase space into a high energy forward directed component and a lower energy isotropic 
component. The separation is achieved by identifying backward production represented in the Ranft angular factor 
as half of the isotropic spectrum. Subtraction and further manipulation then allows the forward component to be 
deduced [Wilson et al. 2014a,b]. Details of the physical processes included in the forward and isotropic components 
are not explicitly identified but are assumed to be reasonably characterized within the Ranft angular separation.  
Conversely, equation (4) is a more fundamentally physics-based separation of the cross section where 
specific physical processes and models may be assigned to the quasi-elastic and multiple-production components. 
One immediate advantage of equation (4) is that angular dependence in the lower energy multiple-production term 
can be maintained and carried into transport procedures. This work is focused on extending 3DHZETRN to utilize 
equation (4) instead of equation (3), thereby enabling a more detailed description of angular factors for secondary 
neutrons. Related efforts are then carried out to improve upon the quasi-elastic component of equation (4). 
In past versions of HZETRN and the current version of 3DHZETRN, the quasi-elastic component of 
equation (4) for nucleons is represented with the parametric form [Wilson et al. 1988b] 
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where 1 ln(2) / 20NC  is a normalization constant, , ( ')jk qeN E  is the quasi-elastic multiplicity (i.e. average 
number of type j particles produced as a result of a quasi-elastic interaction) [Wilson et al. 1991], and 
( )( ')rek E  is 
the reactive component of the total cross section appearing on the left hand side of equation (1). The Ranft angular 
factor is given by [Ranft 1980]  
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where NR is an energy dependent normalization factor defined such that ( , , ) 1R Tg E A d  and cos θ = Ω∙Ω'. 
The Ranft width factor is  
 
 (0.12 0.00036 ) /R TA E , (7) 
 
where AT is the mass of the struck nucleus.  
The multiple-production term in equation (4) represents highly spectrally dispersed particles of lower 
energy including the de-excitation spectrum [Wilson and Costner 1977, Wilson et al. 1988b] with spectral 
components given by  
 
 
3 /
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where 
( )
, ( ')
i
jk mpN E  are multiplicities from the Bertini model, and i are shape parameters as described by Wilson et 
al. [1991].  
As discussed previously in this section, early development efforts of 3DHZETRN [Wilson et al. 2014a-c, 
2015a], utilized the for/iso approximation to provide a convenient separation of phase space. Although not obvious 
in equations (3) - (8), the isotropic component of the cross section extends up to relatively high fragment energies 
and may include various physical processes with pronounced angular dependence. To illustrate this point, Fig. 1 
shows the forward and isotropic neutron production fractions for protons and neutrons incident on aluminum. The 
isotropic fraction is defined as  
 
 
( )
0 2
( )
0 4
2 ( , ', , ')
( ')
( , ', , ')
r
jkB
iso
r
jk
E E dE d
F E
E E dE d
, (9) 
 
where the integral in the numerator is only taken over the back hemisphere, 2B, and then doubled to represent the 
isotropic component of the cross section as defined by Wilson et al. [2014a-c, 2015a]. The forward component is 
simply one minus the isotropic component given in equation (9). Although the isotropic component dominates for 
projectile energies below ~20 MeV, as would be expected, it accounts for more than half of the cross section for 
projectile energies in the GeV region. Certainly, portions of the fragment spectrum for such high energy projectiles 
will include angular dependence that is not captured by the for/iso approximation.  
 4 
 
 
 
 
 
Fig. 1. Isotropic and forward fraction of neutrons produced in nuclear reactions by nucleons incident on aluminum 
according to the current HZETRN database. 
 
 
A brief description of the elastic cross section is given here; although, no modifications to the transport or 
nuclear model for elastic interactions are considered in this work. The elastic scattering components are found using 
the differential angle distribution of Wilson et al. [1991] consisting of an S-wave amplitude and Chew's impulse 
approximation [Chew 1951] representing the higher order angular dispersion [Wilson et al. 1991] (similar to the 
approach of Wilson [1973] for the three nucleon problem). A linear energy factor is applied to the S-wave cross 
section to match the neutron KERMA as described in Wilson et al. [1991]. For further comparison, the fraction of S-
wave scattering according to this model has been evaluated and compared with the Evaluated Nuclear Data File 
[ENDF 2016] derived S-wave fraction as shown in Fig. 2. It is clear that this simple scheme provides a reasonable 
first order approximation to the nuclear elastic scattering. 
 
 
Fig. 2. Isotropic scattering and forward scattering fractions of neutrons in aluminum according to the current elastic 
database and ENDF database. 
 
 
Transport Model Development: Historical 
 
A prime limitation in developing solutions for equation (1) lies in evaluating the integral over d' at any 
arbitrary location within the media. The approach to a practical solution of equation (1) is to develop a progression 
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of solution methods from the simple to increasingly complex allowing early implementation of high-performance 
computational procedures and establishing a converging sequence of approximations with well-defined accuracy 
criteria and means of verification and validation.  The first step, leading to the lowest order solution, simplifies the 
evaluation over d' by introducing the straight-ahead approximation as guided by the nucleon transport studies of 
Alsmiller et al. [1965]. In these studies, MC methods were utilized, and the differential cross sections were 
approximated as  
 
 ( , ', , ') ( , ') ( ')jk jkE E E E , (10) 
 
resulting in dose and dose equivalent per unit fluence to be within the statistical uncertainty of the MC result 
obtained using the fully angle dependent cross sections in slab geometry [Alsmiller et al. 1965, Wilson et al. 1991, 
2014a-c, 2015a]. Using asymptotic expansions about angular divergence parameters, it has been demonstrated that 
the error in using equation (10) for solving equation (1) is on the order of the square of the ratio of distance of 
divergence (few centimeters) to radius of curvature of the shield (few to several m) resulting in a small relative error 
in most human rated space systems [Wilson and Khandelwal 1974, Wilson et al. 1991]. The straight-ahead 
approximation of equation (10) formed the basis of the early versions of HZETRN and related numerical marching 
algorithms, for which the verification and validation processes are described elsewhere [Wilson et al. 2005, 2006, 
2014a-c, 2015a].  
In the early Boltzmann transport studies of Wilson and Lamkin [1974, 1975] and Lamkin [1974], it was 
demonstrated that after neutrons are produced by a proton beam, the recoupling of neutrons back to the proton field 
is limited, but the neutron fields tend to build-up with increasing penetration depth. This mainly occurs since many 
protons produced by neutron-induced interactions are of lower energy and are quickly removed by atomic 
interactions (especially the isotropically produced protons). The probability of even a 100 MeV proton to undergo a 
nuclear reaction is only several percent [Wilson et al. 1991, 2005]. The low-energy neutrons on the other hand have 
no effective atomic interactions and propagate until a nuclear interaction occurs or they escape through the media 
boundary. Yet, the low-energy protons and other light ions produced in tissue through neutron collisions contribute 
significantly to biological injury and must be accounted for in transport methods [Foelsche et al. 1974]. This was the 
basis of the studies of Heinbockel and co-workers [2003] starting with Clowdsley et al. [2000, 2001] using the 
NUCFRG2 database [Wilson et al. 1987a,b; 1995; 1998]. 
Accordingly, improved methods for solving the neutron component of equation (1) were developed 
[Heinbockel et al. 2003; Slaba et al. 2010b]. These solutions approximated the neutron double differential cross 
sections as the sum of forward (f) and backward (b) components according to  
 
 , ,( , ', , ') ( , ', , ') ( , ', , ')nk nk f nk bE E E E E E . (11) 
 
Implementation of equation (11) resulted in the bi-directional code in common use for spacecraft design. A similar 
bi-directional approximation for the light ions was considered by Cucinotta et al. [1990] and Shavers et al. [1996] to 
study interface transition effects but was not integrated into the HZETRN software. 
 
Transport Model Development: Forward/Isotropic 
 
A sequence of approximations that span the formalisms from the simple straight-ahead and bi-directional 
methods to more complex propagation algorithms has been developed and is based on a simple for/iso assumption 
given previously by equation (3). The isotropic component is associated with lower-energy neutrons produced and 
defined by 
 
 ( ) ( ), 2
( , ') 2 ( , ', , ')r rnk iso nkB
E E E E d , (12) 
 
where 2B represents the backward hemisphere. The forward component,  
 
 
( ) ( ) ( )
, ,
1
( , ', , ') ( , ', , ') ( , ')
4
r r r
nk for nk nk isoE E E E E E , (13) 
 
 6 
 
 
is associated mainly with direct quasi-elastic events [Wilson 1977, Wilson et al. 1988b], although other processes 
are included, and is highly peaked in the forward direction. 
The governing transport equation within the CSDA, ignoring multiple Coulomb scattering, is given by 
equation (1), and the total cross sections and double differential cross sections are the nuclear scattering and reaction 
values. The double differential cross sections are represented by equations (2) and (3). With the demonstrated 
success of the bi-directional approximation [Slaba et al. 2010b; Heinbockel et al. 2011; Wilson et al. 2014a-c, 
2015a] for neutron fields, the solution ( , , )j Ex  is divided into forward and isotropic components and the forward 
component is assumed to satisfy  
 
 , , ,
1
( ) ( ) ( , , ) ( , ') ( , , ') 'j j j for jk for k forE
kj
S E E E E E E dE
A E
x x , (14) 
 
where the forward component of the cross section is given as  
 
 4, ( ) ( )
,4
( , ', , ') ,
( , ')
,( , ', , ') ( , ', , ')
jk
jk for r el
jk for jk
E E d j n
E E
j nE E E E d
, (15) 
 
and the straight-ahead approximation is used to represent the angular spectra of equation (15). Note that  only 
appears as a parameter in equation (14) and can be evaluated according to the boundary condition that is set as the 
incident fluence from direction 0 at the boundary as shown in Fig. 3. 
 
 
Fig. 3. Geometry for 3D transport procedure. 
 
 
The isotropic component of the neutron field is obtained by solving  
 
 
, ,4
( )
, , 0
[ ( )] ( , , ) ( , ', , ') ( , ', ') ' '
( , ') ( , , ') '
n n iso nn n isoE
r
nk iso k forE
k
E E E E E d dE
E E E dE
x x
x
 (16) 
 
using a bi-directional approximation along  [Wilson et al. 2014a-c, 2015a-c]. Coupling between the forward 
solution of equation (14) and the isotropic neutron field is expressed through the perturbation given by the last term 
on the right hand side of equation (16). Although , ( , , )n iso Ex  is generated by the isotropic cross section term, the 
resulting fluence is not necessarily isotropic. A final step in the solution methodology is to compute the source of 
light ions produced from the lower energy isotropic neutrons. Once this source is computed, the isotropic component 
of the light ion flux is solved under the assumption that no further nuclear collisions occur, giving partial 3D 
treatment to low energy charged particles. 
The solution of these coupled equations (14) and (16) and some of their limitations are thoroughly 
discussed by Wilson et al. [2014a-c, 2015a-c]. The resulting transport algorithm allows direct evaluation of the 
straight-ahead and bi-directional approximation error at least in the context of the for/iso interaction approximation. 
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Although the for/iso formalism has yielded improved solutions over the straight-ahead and bi-directional models, 
limitations have also been discussed in previous sections and noted in recent work [Wilson et al. 2015b,c, Slaba et 
al. 2016] that will be addressed herein. The approach will be a more direct solution to equation (1) using an 
improved representation of neutron cross sections as in equations (4) - (7). 
  
Transport Model Development: Quasi-Elastic/Multiple-Production 
 
As a further refinement of detail for 3DHZETRN, equation (4) is now utilized to separate the reaction cross 
section for neutron production. In this more detailed approach, the fluence is separated into a high energy forward 
(hef) and angular (ang) component as  
 
 , ,( , , ) ( , , ) ( , , )j j hef j angE E Ex x x . (17) 
 
Equations (4) and (17) are substituted into equation (1), and the hef fluence is defined to satisfy  
 
 , ,
1
( ) ( ) ( , , ) ( , ') ( , , ') 'j j j hef jk k hefE
kj
S E E E E E E dE
A E
x x , (18) 
 
where the cross section on the right hand side of equation (18) is written as  
 
 4
( ) ( )
,4
( , ', , ') ,
( , ')
,( , ', , ') ( , ', , ')
jk
jk r el
jk qe jk
E E d j n
E E
j nE E E E d
. (19) 
 
The angular spectra in equation (19) are represented within the straight-ahead approximation. The equation for the 
angular component of the neutron field is  
 
 
, ,4
( )
, 0 , 0
[ ( )] ( , , ) ( , ', , ') ( , ', ') ' '
( , ', , ) ( , , ') '
n n ang nn n angE
r
nk mp k hefE
k
E E E E E d dE
E E E dE
x x
x
. (20) 
 
Note that , ( , , )n ang Ex  is generated by the angular dependent multiple-production interaction term, 
, 0( , ', , )nk mp E E , and is not isotropic.  
 The coupled equations (18) and (20) appear similar to equations (14) and (16) of the for/iso model with the 
exception that the cross section in the coupling source term is no longer isotropic. Despite this added complexity, 
equations (18) and (20) can be solved using the exact same numerical solution methodologies used in the for/iso 
model but with a modified source term. This will allow a direct evaluation of the errors associated with the previous 
for/iso formalism.  
  Equation (20) is solved by representing the double differential cross section of equation (20) within the bi-
directional approximation, given by 
 
 , ,( , ', , ') ( , ') ( ') ( , ') ( ')nn nn f nn bE E E E E E , (21) 
 
 
( ) ( )( )
, , , ( ) ,( )2
( , ') ( , ', , ') ( , ') ( , ') ( , ')r elrnn f nn nn qe nn mp f nn fF
E E E E d E E E E E E , (22) 
 
and 
 
 
( ) ( )
, , ( ) ,( )2
( , ') ( , ', , ') ( , ') ( , ')r elnn b nn nn mp b nn bB
E E E E d E E E E , (23) 
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where the forward (f) and backward (b) components of the multiple-production cross section are computed as  
 
 
( ) ( )
,, ( ) 2
( , ') ( , ', , ')r rnn mpnn mp f F
E E E E d , (24) 
 
 
( ) ( )
,, ( ) 2
( , ') ( , ', , ')r rnn mpnn mp b B
E E E E d . (25) 
 
In equations (22) - (25), 2F and 2B represent integration over the forward and backward hemispheres relative to 
Ω'. The subscripts (f) and (b) refer to the forward hemispheric and backward hemispheric components of the 
multiple-production neutron cross section, respectively. The forward and backward components of the elastic cross 
sections appearing in equations (22) and (23) are similarly evaluated by integrating the elastic values over the 
forward and backward hemispheres. 
Using equations (21) - (23) in equation (20) results in a coupled set of equations for , ( , , )n ang Ex  and 
, ( , , )n ang Ex . The equation for , ( , , )n ang Ex  is given by 
 
 
, , ,
, ,
( )
, 0 , 0
[ ( )] ( , , ) ( , ') ( , , ') '
( , ') ( , , ') '
( , ', , ) ( , , ') '
n n ang nn f n angE
nn b n angE
r
nk mp k hefE
k
E E E E E dE
E E E dE
E E E dE
x x
x
x
. (26) 
 
The equation for , ( , , )n ang Ex  is  
 
 
, , ,
, ,
( )
, 0 , 0
[ ( )] ( , , ) ( , ') ( , , ') '
( , ') ( , , ') '
( , ', , ) ( , , ') '
n n ang nn f n angE
nn b n angE
r
nk mp k hefE
k
E E E E E dE
E E E dE
E E E dE
x x
x
x
. (27) 
 
The second integral appearing on the right hand side of equations (26) and (27) is the coupling term between the  
and - multiple-production components. Equations (26) and (27) represent a coupled set of partial differential 
equations that are solved efficiently using a Neumann series approach as shown by Slaba et al. [2010b]. This series 
is expected to converge quickly since , ,nn f nn b  is required to conserve momentum. 
Similar to the for/iso formalism, a final step in the solution methodology is to compute the source of light 
ions produced from the neutrons of equations (26) and (27). Once this source is computed, the multiple-production 
component of the light ion flux is solved under the assumption that no further nuclear collisions occur, giving partial 
3D treatment to these charged particles. 
 
Simple Homogenous Spherical Geometry 
 
Simple geometry and source orientation are chosen to allow efficient MC simulation for comparison with 
with the above formalisms [Wilson et al. 2014a,b]. The geometry herein is taken as a simple aluminum sphere with 
a 40 g/cm2 diameter. Target points are placed at depths along the z–axis. The external radiation environment is 
assumed to be anti-parallel with the z-axis, uniform in the x-y plane, positioned above the sphere, and directed down 
onto the top of the sphere as shown in Fig. 4. The February 1956 Solar Particle Event (SPE) spectrum [Webber 
1966] is assumed to be incident from above. Along with 3DHZETRN, the MC codes Geant4 [Agostinelli et al. 
2003], FLUKA [Fasso et al. 2005, Battistoni et al. 2007] and PHITS [Sato et al. 2013] were evaluated. Further 
details for the Monte Carlo codes and simulation setup can be found in Wilson et al. [2014a,b]. 
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Fig. 4. Spherical geometry and external source orientation for benchmark comparisons. 
 
 
The solution for N = 18 of both the for/iso and qe/mp formalisms are shown in Fig. 5 along with results 
from the MC simulations. Also shown is the hef component of the qe/mp solution to be compared with the for 
component of the for/iso solution. The most notable feature is the greatly increased total neutron fluence in the 10 
MeV to few hundred MeV domain in going from the for/iso approximation to the qe/mp approximation. The main 
difference appears to be in the hef and for components of the fluence.  
This difference arises for two reasons. First, the low energy angle distribution by Ranft becomes 
increasingly isotropic with decreasing fragment energy, and second, the quasi-elastic energy spectrum remains 
constant over most of its domain even at low energies as shown in Fig. 6 and equation (5). Therefore, the separation 
of the quasi-elastic component in the straight-ahead approximation is vastly different than the forward component of 
the for/iso approximation. The fault in the drop in the neutron fluence near 100 MeV in Fig. 5 results from the 
application of the for/iso approximation to the inadequate description of the nuclear induced spectrum, and an 
improved nuclear model is required. To begin correction of these factors we will develop an alternate and more 
reliable energy spectral distribution for the quasi-elastic cross section.  
 
 
 
Fig. 5. Neutron fluence spectra at 35 g/cm2 (left) and 40 g/cm2 (right) in sphere exposed to Webber SPE. Results 
from 3DHZETRN (N = 18) using the for/iso and qe/mp models are shown along with MC evaluations. 
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Fig. 6. Neutron production cross sections for 100 MeV proton collisions in the qe/mp and for/iso formalisms. 
 
 
A Dynamical Theory of Quasi-Elastic Scattering 
 
In this section, a new model for estimating the quasi-elastic component of the neutron production cross 
section is described. Two solution methodologies are formulated to solve the model equations and are shown to give 
equivalent numerical results. A method for integrating the new quasi-elastic model into 3DHZETRN is also 
described.  
Historical high-energy nuclear reaction theory considered a rapid sequence of binary interactions within 
nuclear matter followed by a slower de-excitation process and allowed various reaction channels to be estimated 
[Serber 1947]. Initial implementation efforts of this model were based largely on semi-classical theory using mean 
free paths in nuclear matter and angular scattering models limited only by the Pauli Exclusion Principle (PEP) in the 
lowest energy and momentum transfer processes. The modern versions of this development are the intra-nuclear 
cascade (INC) codes utilizing computer generated random number sequences (initial attempts were two dimensional 
simulations using random number tables [Goldberger 1948]). Related to the INC model is a Boltzmann equation 
description, considered in this work, able to produce an analytic formalism equivalent to the INC stochastic results.  
The relevant transport equation is the linear Boltzmann equation derived on the basis of conservation 
principles for the flux density (z,E) (nucleons/(fm2-MeV)) of nucleons moving through nuclear matter with kinetic 
energy E (MeV). Within the lowest order one dimensional approximation [Wilson et al. 1986b], the transport 
equation is 
 
 ( ) ( , ) ( , ') ( , ') 'E z E E E z E dE
z
, (28) 
 
subject to the boundary condition (0, ) ( )LE E E , with EL being the lab energy (MeV) of the assumed mono-
energetic beam with unit intensity incident on nuclear matter. Within the region of nuclear matter in which the target 
nucleus is represented, transport processes are modified by a liquid drop model with a potential well depth of V0 and 
a Fermi energy of f representing the top level of the Fermi sea below the binding potential, Vb, of the least bound 
nucleon. Note that the lowest energy transfers, ,  given by  < f - , are blocked by the PEP and that collisions on 
the range of f -  <  < V0 contribute to nuclear excitation. The solution domain of equation (28) is approximately 
over {f, EL-f}. For present purposes, the nuclear binding potential is ignored, and the integration limits are taken as 
{E, EL-f } with f = 24.5 MeV. 
In equation (28), (E) is the inverse mean free path in nuclear matter in units of 1/fm, and (E,E), in units 
of 1/(fm-MeV), represents the processes by which a nucleon with energy E' (MeV) collides with nuclear matter, and 
a nucleon emerges with energy E (MeV). The following parameterization is used in this work for (E), for E 
between 40 MeV and 500 MeV [Wilson et al. 1987b] 
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0.26( ) / 16.6E E , (29) 
 
where the energy dependence is partially a result of PEP effects which reduce the cross section and increase the 
mean free path for a nucleon within the struck nucleus (especially at low energy), as has been determined 
empirically [Dymarz and Kohmura 1982].  For energies below 40 MeV and above 500 MeV, equation (29) is 
evaluated directly as an extrapolation. 
The cross section on the right hand side of equation (28), is further discussed in Wilson et al. [1986b, 1991] 
and approximated herein by 
 
 
( ')( ' ) ( ')
( ') ' ( ') '
0 1
( , ') ( ') ( ') ( ') ( ')
1 1
( , ') ( , ')
B E E E B E E
B E E B E E
e e
E E E B E E B E
e e
E E E E
, (30) 
 
where B(E') is the slope parameter given by [Wilson et al. 1991]  
 
 2 6 '/200( ') 2 10 3.5 30 EB E mc e , (31) 
 
and mc2 is the nucleon rest energy (938 MeV). The first term in equation (30), labeled as 0(E,E), accounts for 
elastic scattering of an incoming nucleon from a target nucleon and dominates for values of E near the incident 
energy E'. The second term, labeled as 1(E,E), provides the spectrum of recoil nucleons dislodged from nuclear 
matter and dominates for small values of E. In the present formalism, details of nuclear binding effects (including 
Pauli blocking) and isospin are ignored for simplicity. Such corrections will be treated in a later work, once proof of 
principle is achieved in the present study. 
The operator on the left hand side of equation (28) can be inverted using an integrating factor and written as 
the Volterra integral equation  
 
 ( ) ( )( ')
0
( , ) (0, ) ( , ') ( ', ') ' '
Lz EE z E z z
E
z E e E e E E z E dE dz . (32) 
 
In order to establish the scattering properties of primary nucleons in nuclear media, solutions for equation 
(32) will be considered using only the 0(E,E) component of the cross section in equation (30). It will then be 
shown in the following sections that such solutions may be used to compute improved quasi-elastic cross sections 
needed for 3DHZETRN, as discussed in the previous section. Equation (32) may be equivalently solved as a 
perturbation series [Wilson and Lamkin 1974, 1975; Wilson et al. 1986b] or with marching procedures [Wilson et 
al. 1988a]. The next two sub-sections describe both solution methodologies, and comparisons are provided as a 
verification of the numerical implementations.  
Note, the use of the term "multiple scattering" herein has a specific meaning and is more limited than that 
used elsewhere [Wilson 1974, 1975]. In this case, incident nucleons passing through the target may suffer one or 
more collisions with target nucleons; these multiple collisions are referred to as multiple scattering and are 
represented in solutions to equation (32) utilizing only the 0(E,E) component of the interaction cross section. 
Related to this terminology, the quasi-elastic cross section is defined in the next section in terms of the multiple 
scattering nucleon fluence transmitted through a specified finite region of nuclear matter.  
 
Perturbative Solution  
 
A perturbative solution methodology for equation (32) is developed in this section and is used to verify 
more efficient computational procedures based on a marching algorithm. The first term in the perturbative solution 
is obtained by neglecting the integrals on the right hand side of equation (32) and consists of the un-collided particle 
beam given as  
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( )
0
( )
( )
0
( , ) (0, )
( )
( , ) .
E z
E z
L
s
z E e E
e E E
z E
 (33) 
 
Higher order terms in the series solution are found by successive iterations of the equation [Wilson and Lamkin 
1974, 1975; Wilson et al. 1986a]  
 
 
( ) ( )( )( ')
0 10
( , ) ( , ') ( ', ') ' '
Lz Es sE z z
i iE
z E e E E z E dE dz , (34) 
 
for i > 1.  The solution for primary nucleons suffering only one collision can be evaluated analytically and is given 
by  
 
 
( ) ( )( )( ')
1 0 00
( )( )
0
( , ) ( , ') ( ', ') ' '
( , ) .
( ) ( )
L
L
z Es sE z z
E
E zE z
L
L
z E e E E z E dE dz
e e
E E
E E
 (35) 
 
The next term of the multiple scattering series represents those nucleons suffering two collisions and is given by  
 
 
( ) ( )( )( ')
2 0 10
( ) ( ) ( ') ( )
0 0
( , ) ( , ') ( ', ') ' '
( , ') ( ', )
' .
( ) ( ') ( ) ( ) ( ') ( )
L
L
L
z Es sE z z
E
E z E z E z E zE
L
E
L L
z E e E E z E dE dz
E E E E e e e e
dE
E E E E E E
 (36) 
 
The remaining integral in equation (36) is difficult to evaluate analytically but is easily handled with numerical 
quadrature. The remaining higher order terms are found by evaluating equation (34) numerically.  
Note that this is similar to the perturbation series solutions developed many years ago [Wilson and Lamkin 
1974, 1975, Lamkin 1974, Wilson et al. 1986b]. In the above, only the fate of incident nucleons is described, and the 
two nucleonic components {p,n} have been ignored. However, the formalism can be easily extended to include 
multiple constituents {p,n} and charge exchange cross sections (see Wilson et al. [1991]). The complete solution for 
the scattered primary nucleons that suffer at least one collision in nuclear matter is given as 
 
 
( )
1
( , ) ( , )sms i
i
z E z E , (37) 
 
where the subscript ms is used to denote the multiple scattering perturbative solution. Note that the 
( )
0 ( , )
s z E  term 
represents the incident fluence reaching depth z without suffering a nuclear elastic scattering event (neglecting the 
important diffractive components [Wilson 1974, 1975]) and is therefore not part of the multiple scattering solution 
in equation (37).  
 
Marching procedure 
 
 Highly efficient numerical marching procedures have also been developed for equation (28). The solution 
proceeds by first noting that equation (32) can be equivalently written over a small step-size, h, given by  
 
 
( ) ( )( )
00
( , ) ( , ) ( , ') ( , ') '
Lh EE h E h t
E
z h E e z E e E E z t E dE dt , (38) 
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where only the 0 component of the cross section is used, as in the previous section. Equation (38) propagates both 
the scattered and un-collided primary fluence over a step-size of h. However, for comparison to the multiple 
scattering solution of equation (37), the un-collided primary fluence needs to be removed from the marching 
procedure. This is achieved by noting that the fluence in equation (38) can be written as  
 
 0( , ) ( , ) ( , )scz E z E z E , (39) 
 
where 0(z,E) represents the un-collided primary nucleons as in the previous section, and sc(z,E) represents the 
nucleons suffering at least one nuclear collision. The solution for the scattered fluence, sc(z,E), may be compared 
directly to the multiple scattering solution given by equation (37). The terminology (scattered vs. multiple 
scattering) and notation has been modified here to distinguish between the perturbative method and marching 
procedure solutions.  
If equation (39) is substituted into equation (38), one obtains  
 
 
( )
( )( )
( )
0
( )( )
00
( , ) ( , )
( , )
( ) ( )
( , ') ( , ') ' ,
L
L
L
E h
sc sc
E hE h
E z
L
L
h E
E h t
scE
z h E e z E
e e
E E e
E E
e E E z t E dE dt
 (40) 
 
where equation (33) has been used to relate the un-collided primary nucleon field at an arbitrary depth to the 
boundary condition.  An explicit marching algorithm is derived by noting that [Wilson et al. 1991] 
 
 ( ')( , ') ( , ') ( )E tsc scz t E e z E O t . (41) 
 
If equation (41) is substituted into the integrand of equation (40), one obtains  
 
 
( )
( )( )
( )
0
( )( ) ( ') 2
00
( , ) ( , )
( , )
( ) ( )
( , ') ( , ') ' ( ).
L
L
L
E h
sc sc
E hE h
E z
L
L
h E
E h t E t
scE
z h E e z E
e e
E E e
E E
e e E E z E dE dt O h
 (42) 
 
Numerical requirements of using equation (41) are discussed in Wilson et al. [1991], where the marching procedure 
in equation (42) is shown to be unconditionally stable. As a result, the O(h2) notation is dropped hereafter. Over 
sufficiently small step-sizes, the integral from 0 to h can be approximated with a single-point expansion, which 
leaves the marching equation as  
 
 
( )
( )( )
( )
0
( )
0
( , ) ( , )
( , )
( ) ( )
( , ') ( , ') ' .
L
L
L
E h
sc sc
E hE h
E z
L
L
E
E h
scE
z h E e z E
e e
E E e
E E
he E E z E dE
 (43) 
 
Equation (43) is evaluated on a discrete energy grid with NE points, allowing the integral to be approximately, but 
efficiently evaluated as  
 
 14 
 
 
 
( )
( )( )
( )
0
1
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where  
 
 
1
0
1
1
( , ') '
j
j
E
iij E
j j
E E dE
E E
, (45) 
 
 ( , ) ( , ') 'sc scE
z E z E dE . (46) 
 
The solutions evaluated with the perturbative solution of equation (37) and the marching procedure of 
equation (44) are shown in Fig. 7 at four incident energies of EL = 100, 200, 300, 400 MeV and various depths in 
nuclear matter. It is clear that the most important component is near the incident energy at small penetration depths 
but diminishes at higher order scattering where further degradation of energy dominates at the larger depths. It can 
also be seen that the two solution methodologies give nearly identical results, although the marching procedure is 
more computationally efficient.  
 
 
Fig. 7. Transmitted quasi-elastic spectra of a multiply scattered nucleon at four depths in nuclear matter as evaluated 
by equations  (37) and (44) at four incident energies. 
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Connection to Ranft/Bertini Model in HZETRN 
 
Following Wilson et al. [1986b], the transmitted fluence spectra of scattered nucleons (equivalently 
obtained with either the perturbative method or marching procedure) can be utilized to estimate the differential 
energy cross section of quasi-elastically produced nucleons. Such estimates can then be integrated into 3DHZETRN 
to replace the currently used parametric form given by equation (5). Minor modifications to the Ranft/Bertini 
nucleon production model currently used in 3DHZETRN are needed to complete the integration process and are 
described in this section.  
Of particular importance is the evaluation of the absorption and the quasi-elastic cross sections for nucleons 
impacting target nuclei. Within the notation of Serber [1947], the absorption cross section (in units of fm2) is related 
to attenuation of the scattered primary nucleon fluence incident on the target nucleus and given as 
 
 
( ) ( , )
0
( ) 2 1 L
E b z dz
abs LE e bdb , (47) 
 
where  is the target nuclear density function evaluated from the charge densities [Wilson 1975, Wilson and Costner 
1977, Wilson et al. 1991] normalized to unit density as accounted for by (EL) in units of fm-1. An equivalent 
definition of the absorption cross section, utilizing the un-collided primary nucleon fluence 0(z,E), understood as 
the probability of suffering no collisions in penetration to depth z, is given as  
 
 
00 0
( ) ( )
0
( ) 2 1 [ ( ), ]
2 1 L
abs L
E z b
E z b E dE bdb
e bdb
 (48) 
 
where 0 was previously defined in equation (33), and z(b) is the penetration depth in a finite volume of nuclear 
matter for an impact parameter b. The absorption cross section defined in equation (47) or (48) includes both the 
reaction probability and average multiplicity and is consistent with the original definition for the absorption cross 
section given by the Serber model [1947].  
Although equation (47) could be evaluated for any arbitrary density function, it will suffice herein to use a 
uniform sphere approximation allowing a simple evaluation as 
 
 2 2( , ) 2 ( )b z dz R b z b , (49) 
 
where R = 1.29aA is the radius (fm) of the equivalent nuclear sphere [Wilson 1975], and the root mean square (RMS) 
radius, aA, is found from the RMS charge radii given in Table 1 using 
2 0.64A ca a .  Note that the function 
z(b) defined in equation (49) gives the chord length through a nuclear sphere for an impact distance b.  
 
Table 1. Root mean square nuclear charge radius, ac (fm) [Hofstadter and Collard 1967]. 
A ac 
1 0.84 
2 2.17 
3 1.78 
4 1.63 
6 < A < 14 2.40 
A > 16 0.58 + 0.82A1/3 
 
 
Using equation (49), the absorption cross section is evaluated as  
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2 ( )
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1 2 ( ) 1
2 ( )
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R E R b
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E R
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E e bdb
e E R
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E
, (50) 
 
and the nucleon quasi-elastic differential cross section is found from  
 
 
0
( , ) 2 ( ),
R
qe L msE E z b E bdb , (51) 
 
where ms  is computed for an incident beam with energy EL using either the perturbative method or marching 
procedure described in previous sections (marching procedure results are used hereafter for computational 
efficiency), and z(b) is given by equation (49). Note that equation (51) is the nucleon quasi-elastic cross section; the 
specific isotopic (i.e. neutron or proton) components are not yet represented.  
To make use of well-established nuclear reaction cross sections [Tripathi et al. 1997, 1998, 1999, 2002], the 
quasi-elastic differential cross section of equation (51) is re-normalized as  
 
 
2
( , )
( , ) ( ) qe Lqe L k L
E E
E E E
R
, (52) 
 
where k(EL) is the nuclear reaction cross section from Tripathi et al. [1997, 1998, 1999, 2002] for a type k projectile 
with kinetic energy EL. 
To preserve the isotopic distribution of the quasi-elastic cross section currently used in HZETRN, the 
fraction of type j particles (neutrons or protons) produced by collisions induced by type k projectiles (neutrons or 
protons) is evaluated as  
 
 
,
,
,
( )
( )
( )
jk qe L
jk qe L
lk qe L
l
N E
f E
N E
, (53) 
  
where Njk,qe(EL) is the quasi-elastic multiplicity currently used in HZETRN obtained from the balance of Bertini 
multiplicities as described by Wilson et al. [1991]. The quasi-elastic cross section for this new model is given as  
 
 , ,( , ) ( ) ( , )jk qe L jk qe L qe LE E f E E E . (54) 
 
Note that in this new model, the ratio of quasi-elastically produced neutrons to protons remains the same as the 
current model in HZETRN [Wilson et al. 1991]; however, the overall magnitude and spectrum of the quasi-elastic 
component is determined by the new nuclear model. 
 A final element of integrating this new nuclear model into 3DHZETRN requires the quasi-elastic 
multiplicity to be efficiently evaluated such that it can be re-balanced against the Bertini cascade multiplicities as 
described in Wilson et al. [1991]. The total quasi-elastic multiplicity is given by  
 
 , , 2
( )
( ) ( ) absjk qe jk qe
E
N E f E
R
, (55) 
 
where the term in brackets is the average number of primary nucleons transmitted through the target nuclear sphere.  
If this simple extension of the Ranft/Bertini model currently used in HZETRN is successful, then a more 
complete description could be at hand by extending the formalism to treat isotopic components (with Pauli blocking) 
and other particle production processes, as had been started many years ago [Wilson et al. 1986b]. The next section 
demonstrates the impact of this new formalism on the for/iso assumption and the qe/mp model. 
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New Quasi-Elastic Model in HZETRN 
 
The simple homogenous spherical geometry exposed to the Webber SPE considered in a prior section (see 
Fig. 4) is now re-evaluated with the new quasi-elastic cross section model. Using this new quasi-elastic cross section 
model in the for/iso and qe/mp transport formalisms of 3DHZETRN yields the results in Fig. 8. There are some 
encouraging improvements in the transport results with improved quasi-elastic cross sections in the 10 to few 
hundred MeV region. An expanded view of the prior quasi-elastic and the present quasi-elastic term is shown in Fig. 
9 where it is clear that this re-evaluation has improved the comparisons with the MC codes. Future work will 
evaluate the multiple-production cross section effects on the current solutions and will include Pauli blocking, 
affecting both the quasi-elastic and multiple-production processes. 
 
 
 
Fig. 8. Impact of current Serber model of quasi-elastic contribution to neutron fluence spectra in an aluminum 
sphere. 
 
 
 
 
Fig. 9. Comparison of equation (3) quasi-elastic model with the new quasi-elastic model. 
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Conclusions 
 
In this work the for/iso formalism in 3DHZETRN was replaced with a qe/mp formalism allowing angular 
dependence to be included in the multiple-production neutron source term. Using simplified spherical geometry 
exposed to the Webber SPE, it was found that the qe/mp transport formalism provides some improvement over the 
for/iso assumption. However, further improvements to the quasi-elastic component of the neutron production cross 
section are needed.  
In order to improve the current quasi-elastic component, represented parametrically by equation (5), the 
Serber [1947] nuclear transport model was considered. Perturbative and numerical marching solutions were 
developed to solve the relevant equations representing transport of nucleons through a finite volume of nuclear 
matter. Details associated with nuclear binding were neglected. Methods for coupling the new quasi-elastic model 
into 3DHZETRN were also described.  
The spherical geometry benchmark case was then re-evaluated using the new quasi-elastic cross section 
model, and it was found that modest improvements were achieved. Further work will focus on refining the 
implementation of the Serber model to include effects associated with nuclear binding and Pauli blocking.  
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